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Abstract 
An algorithm is presented for fast implementation of 

time-varying wavelet packets maintaining perfect recon- 
struction throughout transitions. It is based on filter 
banks known as the extended lapped transforms in an 
association following the paths of a binary-tree. Meth- 
ods for pruning or expanding the branches of the tree 
are presented and a discussion on adaptation issues is 
carried. 

I Introduction 
Recently, concepts such as time-frequency representation 
and wavelet packets have gained a great deal of attention 
in the field of digital signal processing [l] because of the 
ability to trade time and frequency resolutions, maintain- 
ing orthogonality, and perfect reconstruction (PR). It is 
also well known that orthogonal wavelet packets can be 
designed by hierarchical association of PR paraunitary 
filter banks [2]. In these, synthesis filters are time re- 
versed versions of the analysis ones. In the 2-band case, 
the two impulse responses of the analysis and synthesis 
filters, denoted as fm(n, R )  and g,(n, R ) ,  respectively, are 
related by 

Pmn,k = g m ( n , R ) = f m ( L - 1 - n , k )  (1)  

for m = 0 , l  and n = O , l , .  . . , L - 1, where L = 4K, 
and K is the overlapping factor. In this paper we will 
concentrate on binary trees. However, this concept can 
be easily extended to m-ary trees. 

The extended lapped transform (ELT) is certainly a 
good way of implementing hierarchical associations [3,4], 
since it (i) is paraunitary; (ii) has a fast implementation 
algorithm; (iii) can be defined for several overlapping fac- 
tors and number of channels; (iv) is reasonably regular 
(mainly if we chose the parametric design [3]). 

*This work was supported in part by CNPq, Brazil, under Grant 
200.804-90-1. 
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Figure 1. The binary tree notation. a)2-band filter bank; 
b)its equivalent representation in a tree; c )  labelling of nodes 
in the tree. 

I1 Binary trees notation 
If the same paraunitary filter bank is used as the analysis 
cell for each stage, it is sufficient to describe the paths 
of the tree to completely describe the whole analysis- 
synthesis system. With the aid of Fig. 1 we present a 
more convenient notation. In Fig. l a  we see a 2-band 
maximally decimated filter bank with its low- and high- 
pass filters, as well as subsamplers. This system will be 
represented here by tree nodes and branches (Fig. l b ) ,  
where the signal flows in the nodes and the branches rep- 
resent filters and decimators. We label the nodes in the 
tree as ~ i j ,  where i is the stage number and j is the num- 
ber of the node in that stage, just as indicated in Fig. IC, 
for 3-stage binary tree. The familiar parenthood notation 
is used, so that node qij is parent of nodes qi+1,2j and 
q i + 1 , 2 j + l 1  but child of q i - l , j 0 2  (0 e integer division). 
We denote x i j  the signal flowing in ~ i j ,  while 200 is the 
original input signal. As a remark, the number of a node 
in a level does not correspond to an increasing frequency 
ordering of bands. 

The idea is to adaptively reshape the tree. In this case, 
it is convenient to define an infinite number of stages and 
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an activity map. This map indicates if the node is active 
(its signal is being processed as an input to a filter bank) 
or not. Let ai , j (n)  = 1 denote an active node ij, being 
0 otherwise. The rightmost node in a path will be called 
instantaneously virtual end node (IVEN). All nodes with 
a childhood relation to  an WEN are inactive a t  instant 
n ,  and clearly an IVEN is inactive. To prune a branch of 
the tree, it is sufficient to bypass the transform applied 
to the parent node of an IVEN which will become a new 
IVEN, de activating the other. The recurrence of this 
procedure applied to the desired branches will bypass the 
signal from the resulting IVEN to the right, pruning the 
tree. The inverse procedure expands the tree, activating 
nodes and branches. 

I11 PR Time-Varying ELTs 
We do not want to  extend the derivations for a P R  time- 
varying form for an ELT. The basic structure for a vary- 
ing ELT is presented in [5]. Briefly, an ELT has a fast 
implementation block diagram given by the example in 
Fig. 2 for I( = 2 .  As long as the blocks change with 
time, but remain orthogonal, the analysis-synthesis sys- 
tem maintains P R  and orthogonality [5]. The ELT is a 
paraunitary filter bank described by the transform ma- 
trix whose elements are pmn. In a time-varying form, a t  
instant k ,  we have 

A 
prnn,k = h(n,k)cos ( 2 n + 1 ) ( 2 n + 2 N - - L + 3 ) - ]  8 

h(n ,  k )  is a modulating window for instant k generated 
by a series of plane rotations denoted as 0 in Fig. 2 .  The 
angles of these rotations define the window (which is a 
low-pass prototype), generating the filter bank. 

The key idea is to find a bypass state for an ELT, in 
which input is copied to output without changes. The 
reason for this is because we would be able to bypass the 
transform, but we would maintain PR in the transition. 
This state is achieved when [5] all angles are set to r / 2  
and the Z matrix in Fig. 2 is adequately chosen. Then 

( 2 )  
[ 

Once the decision to  change the transform to its bypass 
state is made, there will be a transition period where nei- 
ther state is achieved. This transition lasts for K blocks 
of 2 samples. In the example in Fig. 2,  suppose after 
computing ELT block k - 1 it is decided to bypass the 
transform. Plane rotations up to O l ( k  + 1) and Oo(lc) 
are already used and cannot be changed, without losing 
the PR property. The matrices available for change lie 
beyond this point and, following Fig. 2 ,  it  is easy to see 
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Figure 2. Flow graph for the time-varying ELT with K = 2. 

that the blocks k and k + 1 would use both new and old 
matrices 0. Therefore they belong to a transition period 
and block k + 2 is completely copied to  the output. The 
instantaneous frequency response of the filter bank in the 
transition region (instants k and k + 1 in the example) 
is, accordingly, transitory. Their instantaneous responses 
do not have good band attenuation, neither they are flat 
as in the bypass state. A substitution of Z by a make-up 
matrix [5] is also possible to either improve their filtering 
characteristics or to flatten them. 

IV Adapting the tree 
As pointed in the two previous sections, the t,ree can 
have its paths changed by bypassing terminal filter banks. 
With this in mind, we can set an activity map associated 
with the state of the ELT, bypassing it when the node 
on its left has aij(n) = 0. Thus, the binary tree is com- 
pletely determined by the set of all a i j .  It  is impossible 
to keep track of an infinite number of nodes and the num- 
ber of nodes in a stage grows exponentially. Therefore, 
a maximum stage number N may be assumed, setting 
the maximum attainable frequency resolution . We can 
simplify the problem if we look a t  each filter bank in 
an independent manner and link the resulting a i j ( n )  to 
shape the tree. As one branch is pruned, we are exchang- 
ing frequency resolution by time resolution. There is no 
optimal time-frequency representation and for each es- 
tablished cost function one particular shape shall be set. 
Among several possibilities, we will use as e x a m p l e  the 
performance of a signal coder. 
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Cost Function - If a stationary model is assumed and 
we intend to minimize the mean square error, the greater 
energy compaction in fewer coefficients [SI results in less 
distortion for a given bit-rate. This will generally lead us 
to chose the full tree which has better frequency resolu- 
tion [7] . However, as a transform is bypassed, the filter 
for the resulting subband is shortened, therefore a bet- 
ter spatial localization is attainable. Furthermore, since 
we are using same filters for analysis and synthesis, as in 
(l), a distortion in a coefficient in a particular subband 
would spread along a smaller region than if the filters 
were longer. It is necessary to  specify other variables, 
such as the type of quantization-coding, before drawing 
any conclusion, but a non-linear cost function is likely to 
be best suited for the case. There is not much done in 
this sense and we do not want t o  extend too much on 
this subject. In our concern, we will seek the maximum 
time resolution whenever there is not much energy com- 
paction provided by the transform. Let z (m)  = zij(m) 
and z ~ ( n )  = zi+l,zj(n) , z ~ ( n )  = z,+l,2j+l (n) .  For this 
node, U(.) is the activity signal. Let 

(4) 

The above variances are related to the variance of z (n)  
since the ELT has filters (with gain of fi, for orthonor- 
mality) which obey the power complementary property. 

U; + U$ = 2 4  (5) 

The signal is not assumed stationary and the variances 
can be estimated continuously. Further computations 
over z (n )  would lead to more complexity and we can work 
directly with the decomposed signal. Then, a windowed 
estimation of the variance using a filter with impulse re- 
sponse h(n)  could be 

Using the estimated variances for energy compaction cal- 
culations, we have a measure of the transform coding gain 
161 as 
L - 1  

(7) 

and we can compare G(n)  to a threshold g in order to 
decide if we set U( . )  = 1 or not. Hence, 

4.) = 4 q n )  - Yl (8) 

where U(.) is the step function. 

Interrelation of the nodes - To determine all nodes to 
be made active or not we may use the maximum avail- 
able frequency resolution, i.e., check nodes in a maximum 
stage N and, then, their parents. At each node, we may 
evaluate a i j (n )  as in (8). 

Start: aij = 0 (all ij); n t N .  
repeat 

for m = 0...2"-1 
if unm = 0 

evaluate unm 
if anm = 1 

make aij = 1 for q;j E path qoo 4 qnm 
if all unm = 1 then stop else n + n - 1. 

until n = 0 

A simpler way to determine the shape of the tree, but 
with less resolution, could be the following. Start from 
any configuration. Evaluate ui j (n)  in the above proce- 
dure for IVENs and for nodes whose both child nodes are 
IVENs. On each of the parent nodes of IVENs (clearly 
they are active nodes) check whether G(n) falls below 
threshold, in which case the particular node is made in- 
active. (At the next clock time for that  node it becomes 
an IVEN and those old IVENs are ignored.) To expand 
a branch, check, on IVENs, whether G(n) surpasses the 
threshold to turn the node active. As a consequence of 
this turn, its children nodes become IVENs. This termi- 
nal filter bank is solely a part of the adaptation algorithm 
and its output is not used, because the IVEN signal is the 
one which is actually quantized and coded. At a coarser 
spectral resolution it can appear that the spectrum is 
flat, but it could have some energy compaction at a finer 
resolution. This means that a node could not meet the 
specifications to be made active, but it would be better 
if it was made active in order to allow the activation of a 
child node, which has unbalanced low and high frequency 
components. An intermediary remedy could be to  check 
one or two levels of (child) nodes beyond an WEN. 

Transition - As mentioned, there is a transition when- 
ever the transform is bypassed. In a transition, it is 
preferable to avoid further changes until this transitory 
state is complete, by forcing the state to  remain the same 
for a certain number of samples. In fact, we should design 
the filters, for estimating the variances, to be narrow low 
pass filters, in order to help to prevent constant changes. 
Although PR is assured, the transitory state is not de- 
sirable. Maybe, the best use for this adaptive approach 
resides on the analysis of signals composed by regions 
of distinct statistics, i.e., after a change, the statistics 
remain unchanged for a certain period. 

Backward adaptation - In order to prune or expand 
the same branches in analysis (transmitter) and synthe- 
sis (receiver), it is necessary to reconstruct a i j ( n )  at the 
receiver. In (7) and (8) we use ELT domain samples. If 
G(n)  in (7) use quantized samples 5 ~ ( n ) ,  i ~ ( n )  to  esti- 
mate variances and if, for a node qij ,  we use 
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the receiver can recover a;j without t,ransmission of side- 
information, because it has available the past quantized 
ELT or time-domain samples and gi j  can be a fixed 
threshold. Both receiver and transmitter have to be syn- 
chronized, such that the transmitter has to use quantized 
values also when the transform is bypassed. F’urther- 
more, the same nodal interrelation algorithm has to be 
used, always preparing future values of aij(n + 1). The 
filter h( n) has to  be causal and a simple first or second or- 
der IIR filter can be adequate, having a narrow low-pass 
band to  avoid frequent transitions. Whenever a tran- 
sition occurs, the states of the IIR filter may be reset, 
interrupting filtering until the transition is over. After 
that ,  filtering is resumed. This is because at  a transition, 
the receiver will not have ELT samples and time-domain 
ones. Therefore, it will not be able to  perform filtering on 
i i ( n ) ,  ?&( n) unless the time-domain samples are recov- 
ered and transformed again. Setting t,he filters to avoid 
frequent changes, can give time enough to  the IIR filter 
to set up again. 

Forward adaptation - In case the activity map with 
all adj is sent in parallel, things get much easier. First, 
there is no need to  calculate activity on the receiver side. 
Second, one can use any means to determine activity 
of the nodes, including non-causal filters. A non-causal 
h(n)  is naturally preferred since it will avoid very short 
changes. The binary signal a ; j ( n )  can be processed to 
avoid short bursts and locally oscillatory behaviors. A 
possible solution is a recursive median filter, which, in 
the binary case, is easily computed using tables. The 
formula for it is: 

a;j(n) = round [mean (a i j (n  - k) . . . a i j (n  + k))] (10) 

This would prevent bursts of up to k. isolated values of 
aij and would not oscillate if the input is an alternation 
of 0’s and 1’s. When an oscillation is encountered, the 
state just before it is preserved. The order in which node 
activity is evaluated may be found using the algorithm 
described earlier. 

The great disadvantage is due to the transmission of 
side information, since all the activity map has to be 
transmitted. Assuming 1 bit per sample and a maximum 
level number N ,  it would require N/2 bits per sample as 
overhead. (Remember that if node 7700 works in a sam- 
pling rate fs , node 77a.j works in a rate 2-’fS .) However, 
assuming the filters would prevent very frequent changes, 
run-length coding can be applied to largely compress this 
map. Furthermore, as a node is active, all nodes connect- 
ing it to the root will also be active. Therefore, informa- 
tion for them is not necessary. 

V Remarks 
What could be imagined as a complex theoretical work 
became a simple strategy, but associated with a complex 
and interesting programming work. The independence 
of nodes make them suitable for a concurrent implemen- 
tation where each node can be a self contained cell. A 
manager unit has the job of interacting the nodes, estab- 
lishing hierarchies and deciding the shape of the tree. 

It is worth mentioning the work in [8], where time- 
varying adaptive wavelet packets are also presented, al- 
though using a totally different approach. 

Space limitations preclude the inclusion of simulation 
results using speech signals as well as bit-allocation con- 
siderations. These will be presented at  the symposium 
and perhaps published elsewhere as a more complete pa- 
per, where all those topics outlined in Sec. IV could be 
explained in more detail. 
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