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ABSTRACT
A structure for implementing lapped transforms with

and the length of the filters is assumed to be L = N M .
The entries of the PTM have terms of order N - 1,
i.e. polynomials up to zPN+'. The PTM E(z) is assumed paraunitary such that E-'(z) = ET(zP1). In
other words, it is unitary in the unit circle ( z = ej"),
and the analysis system leading the polyphase components to the subbands is lossless. For N = 1 (and real
coefficients) it is clear that the PTM is a regular orthogonal matrix. The PTM can be parameterized using a
cascade of delays and orthogonal stages as

time-varying block sizes is discussed. It allows full orthogonality in the transitions based on a factorization
of the transfer matrix into orthogonal factors. Such
an approach can be viewed as a sequence of stages with
variable-block-size transforms intermediated by sampleshuffling (delay) stages. Details for a first order system
are given and a design example is presented.

N , -1

1. INTRODUCTION

E(z) =Bo

The choice of a block size in transform coding is a tradeoff between time and frequency resolutions. Although
not always explicitly pointed, a variable block size is a
local adaptation aiming to obtain a better projection of
the signal on the time-frequency plane. The block size
dictates the trade-off. Larger blocks mean coarser time
resolution and a larger number of narrower subbands,
while small blocks mean better time localization and
poorer frequency resolution. Block transforms of variable size can be easily applied to images as the problem
is simplified to a tiling of the image into rectangular
regions. We address the issues of perfect reconstruction (PR) and orthogonality using a lapped transform
(LT) [l],i.e. a paraunitary uniform FIR filter bank
(PUFB) [ 2 ] , instead of a block transform. A number
of papers recently dealt with time-varying filter banks
[3]-[6]. However, few addressed a general framework
to change the number of channels with orthogonality
in the transitions and often the mechanism for change
is applied to the filter coefficients. Here, as in [3], the
change occurs in the structural factors that compose the
filter bank. Hence, the transforms and the transitions
are inherently orthogonal.

(A(Z)Bi),

(1)

i= 1

where all stages Bi are allowed to be arbitrary M x M
orthogonal matrices, N , is the number of stages, and
A(z) is a paraunitary matrix containing only delays.
We assume that A(z) is a full-rank matrix with only one
non-zero element per row or column, where each nonzero element can be 1 or z-'. A general factorization of
all PUFBs is the one where N, is the McMillan degree
of E(z) (i.e. the order of the determinant of E(z)) and
where A(z) = d i a g { z P 1 ,1,1,.. . ,1} [2]. The symmetric
delay factorization (SDF) [7] is the case where 111 is
even, N, = N , and

with I, as the n x n identity matrix.
3. TIME-VARYING LAPPED

TRANSFORMS
For time-varying filters, however, the notation may not
be that simple. For an invariant filter, if yi(m) =
hij(n) z j ( m - n ) , then the q-tap filter hij(n)
has z-transform Hij(z) = ~ ~ ~ ' , h ( n )and
z - "x ( z ) =
Hij(z)Xj(z).
Let the filter have time-varying coefficients so that its input-output relation is

E::',

2. LAPPED TRANSFORMS

M-channel LTs can be described through their respective polyphase transfer matrices (PTM) 121 (the transfer
matrix relating the M polyphase components of the input signal with the M subbands). The block size is 111
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n.

Q- 1

hij(m,n)zj(m- n).

yi(m)=
n=O
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(3)

We cannot say that x ( z ) = Hij(z,m)Xj(z),neither
use hij(m,n) to replace the coefficients of H j j ( z , m ) .
However, because of the usual assumption of invariant
filters, H i j ( 2 ) is often viewed as a description of an
implementation algorithm and we simplify the notation
by using Hij(z,m) to represent the filter coefficients at
instant m. Therefore, z-’ may be viewed strictly in
a systemic approach meaning a delay of the input, i.e.
retrieve output from buffer and place input on buffer.
The key to get time-varying filter banks remaining
instantaneously paraunitary [3] is to change the matrices Bi along the time index, but to keep them orthogonal matrices at all times. Thus, for PR orthogonal
time-varying LTs (PUFBs) we can rewrite (1) as
N,-1

~ ( 2m,) = BO

rl;

(m>

(A(z>Bi(m))

(4)

i=l

where Bi(m) changes with time but remains an M x M
orthogonal matrix. E(z, m ) remains paraunitary for all
m, since

E ~ ( . - ~ , ~ ) E=(A~~,( ~~ -) ’ ) A =
( ~I~)

(5)

i.e. E(z,m) is paraunitary because Bi(m) and A(z)
(as we have defined it) are also paraunitary. From the
above discussion on the z-transform of a time-varying
filter, we apply the term instantaneously porounitary
[3, 71 to describe the property of E(r, m ) . Furthermore,
the linear transform (not its state space representation)
that leads all input samples into the subbands is an
orthogonal transform [l,3, 7).

i , ”(ne))

(9)

where A ( z , i , m ) is the delay block at stage i and instant m. As in the case of (1) we also consider it a full
rank matrix with only one non-zero element per row
or column. An entry z-l in A(z,i,m)at the k-th row
and 1-th column means: the k-th element of Bj-l(m)’s
input vector is the 1-th element of Bi(m - 1)’s output vector. Similarly, the same occurs to a “1” entry
with relation to Bj(m)’soutput vector. For the class of
delay matrices described, in order to obtain orthogonality, it is necessary and sufficient to make Wi a permutation matrix. Necessary because otherwise ‘Wi would
be rank-deficient , and sufficient because Wi orthogonal
leads to T orthogonal as we saw. Now let us examine
the translation of Wi (as a permutation matrix) to the
system described in (10). It is obvious that the set of
columns of A(z, i , m) with the entry z-l hac; to match
all columns of A(z,i,m - 1) that are all 0’s as well as
those which contain a z-’ entry. Let

(10)

~ ~ ( ~ - l , i , m ) ~= (I~~ , i , ~ (11)
)
E ~ ( P , ~ ) E (= ~I ,~ ~. )

(12)

On the other hand, if k > I, these relations do not
hold. The stationary relations do not hold because the
sizes of the matrices involved also change. Assume a
transition from MI to M2 channels (block size changes
from MI to M2 samples). With a quick transition in
mind, weassumethat Eo(z,m-l) andEl(z,m-1) are
paraunitary matrices of size MI x MI, while Eo(z,m
1) and El(z,m 1) are paraunitary matrices of size
M2 x M2. Let d& be the number of delays in A(z, i, m)
and d, be the respective number of “1” entries. Thus,

N-1

WiBi

(+,

i= 1

where Eo(z,m) is a k x k paraunitary matrix while
E l ( z , m ) is an I x I one. Obviously, A ( z , i , m )is a k x 1
matrix. If k < 1,

With time-varying filter banks as described, the overall
transform is orthogonal. In a transform point of view
we can think of it as a linear transform T leading all
input samples in vector x to the subband samples in
vector y.
y = T x x=TTy
(6)
where

n

n

Ne-1

E(x, m ) = Bo(m)

E(z,m) = Eo(z,m)A(z,i,m)El(z,n?)

4. CHANGING THE BLOCK SIZE
(NUMBER OF CHANNELS)

T =B o

sizes of Bi(m). Therefore, a PUFB with variatble number of channels can be implemented through a sequence
of stages with variable block size orthogonal transforms
intermediated by shuffling (delay) stages. It is, in other
words, a variable block size lapped transform. In a
state-space approach, we can rewrite (4)as:

(7)

i=l

+

Bi = diag{--.,Bi(ml>,B;(m),Bi(m+l ) , . . . }(8)
and Wi is just a permutation matrix representing211
the delays in a stage. As Bi(m) is orthogonal, so is Bi,
and T is orthogonal iff Wi is also orthogonal. As long
as Wi implies simple permutations, it is obviously an
orthogonal matrix. Therefore, the dimensions of Bi ( m )
have no effect on orthogonality of T as long as Bi(m)
and Wi remain orthogonal. Clearly, we can change the
number of channels of the filter bank by changing the

With the assumption that
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Figure 1: Flow-graph for variable block size lapped transform switching from Ml = 2u channels to M2 = 2v
channels. (a) Direct method. There are 2 transition filter banks: one with 2u and the other with 2v channels. (b)
Slow switch stepping through an intermediate filter bank of U v channels. (c)(d) Details of the transitions in
(a)(b). 9,Cl and \k are the matrices to be optimized.

+

we have that

+

1 - IC = ( M z - M1)/2.

(15)

Hence, we see that IC # 1 is a necessary restriction, as
long as MI # M2. Furthermore, we cannot make I and
IC equal to M I or MZ. In other words, when changing
the number of channels from M I to M2, one cannot
implement the transition using only block transforms
of size Ml or Mz. The process has to step over intermediary sizes for B;(m). The same conclusion can
be reached using the general factorization, i.e. using
dL-l = dL+, instead of (14).

5. FIRST ORDER EXAMPLE
For a first order algorithm using SDF we have

E(z) = B ~ A ( . z ) B ~

(16)

where A is as in (2). The filters have length which is
twice the block size. Then, we change the block size
(number of channels) from M1 = 221 to M2 = 2v. As
we discussed, the transition has to contain blocks with
size different than MI or M2, and we present two distinct switching methods in Fig. 1. In this figure, the
number of samples carried in each branch is indicated.
In Fig. l ( a ) it is shown the direct switch method. Note
that there are 2 transition filter banks one with 2u channels and the other with 2v channels. This is because
we used a block transform of size ( U U ) x (U U ) in
the first stage. Thus, is does not affect the number of
channels, but the length of the filters. The filters have
length 3u v and 3v U respectively. In Fig. l(b), it
is shown the second alternative which is a slow switch

+

+

+

+

+

stepping through an intermediate filter bank of U v
channels (with filters of 2(u U ) taps) which would be
the only transitory filter bank. In Fig. 1 the matrices
to be optimized are a, Cl, and \k.
The framework in Fig. 1 is general for lapped transforms with L = 2N. In a design example, we use (as
stationary filter bank) the modulated lapped transform
(MLT) [I]. The MLT is a special cosine-modulated filter bank possessing filters with good stopband atenuation allied to a fast implementation algorithm [I]. An
algorithm for a variable block size MLT was already
presented in [4]. The approach in [4]requires explicit
changes in the basis functions, while our approach is
based on designing the orthogonal factors composing a
lapped transform [3, 71. Hence, we work directly with
a fast implementation algorithm, which is maintained.
The MLT is just an example and the generality of the
framework allow us to replace it by any other LT.
Design examples are shown in Fig. 2 showing the
transition filters for a switch from a 4-channel MLT to
an &channel MLT. In the direct (hard) switch method
there are 2 transition filter banks, one with 4 channels and 10 taps and the other with 8 channels and 14
taps. If the slow (soft) switch is applied there is only
one transition filter bank with 6 channels and 12 taps.
In both cases, the transition filters were optimized for
maximum coding gain of the instantaneous filter bank
[3][7]for an AR(1) spectrum with correlation coeffcient
0.95. Note that the transitory LTs are not required to
be cosine-modulated filter banks. However, the lowerfrequency basis functions of these transforms resemble
the bases of the MLT, while the higher frequency bases
(which have less significance to the coding gain) do not.
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Figure 2: Impulse response of the filters of the time-varying MLT, switching from 4 to 8 channels. It is shown the
normal MLTs for M = 4 ( L = 8) and M = 8 ( L = 16), the two transition filter banks for the direct switch and the
&channels filter bank in the case of a slow switch. The transition filters were optimized for maximum coding gain.
L is the length (in taps) of the filters.
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Time-varying wavelet packet trees Filter banks
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